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COMPLEX PRODUCT STRUCTURES ON SOME SIMPLE LIE GROUPS
STEFAN IVANOV AND VASIL TSANOV
Abstrat. We onstrut invariant omplex produt (hyperparaomplex, indenite quater-
nion) strutures on the manifolds underlying the real nonompat simple Lie groups SL(2m−
1,R), SU(m,m− 1) and SL(2m− 1,C)R. We show that on the last two series of groups some
of these strutures are ompatible with the biinvariant Killing metri. Thus we also provide a
lass of examples of ompat (neutral) hyperparahermitean, non-at Einstein manifolds.
MSC: 53C15, 5350, 53C25, 53C26, 53B30
1. Introdution
In the present paper we onstrut expliit examples of homogeneous omplex produt stru-
tures on real semisimple Lie groups and some related manifolds. Our examples fall into the
lass of CPS known also as hyperparaomplex strutures. The relevant denitions are provided
in Setion 2.
The main result is
Theorem 1.1. For eah m > 1, the manifolds underlying the Lie groups SL(2m − 1,R) and
SU(m,m− 1) have omplex produt strutures, whih are invariant by left translations.
The proof of the above theorem will be given in Setion 3, there we onstrut expliitely a
family of omplex produt strutures depending on parameters in eah of the above Lie groups.
In this introdution we indiate some more examples of omplex produt manifolds, obtained
diretly from Theorem 1.1, and disuss properties of their omplex produt strutures. For the
sake of brevity, we sometimes speak of omplex produt strutures on Lie algebras, rather than
on the manifolds underlying the respetive Lie groups. Redution of the latter to the former is
explained in Setion 2 (see also e.g. [1℄).
To our knowledge (see also Andrada and Salamon [1℄ p.2) Theorem 1.1 provides the rst
examlpes of homogeneous omplex produt strutures on semisimple real Lie groups. There
are many known omplex produt strutures on solvable groups. Andrada and Salamon [1℄ have
onstruted invariant omplex produt strutures on the redutive groups GL(2m,R). From the
proof of Theorem 1.1, we shall obtain omplex produt strutures on the groups GL(2m,R),
embedding
1
them as (omplex produt) submanifolds of SL(2m + 1,R) (i.e. inheriting the
omplex produt struture of Theorem 1.1). In the same way we obtain omplex produt
strutures on U(m,m).
Let g be a real Lie algebra, and let (P, J) be a omplex produt struture on g. It is
trivial to hek, that if we extend P, J to the omplexiation gC by linearity (P (iX)
.
=
iP (X), J(iX)
.
= iJ(X)), then we get a omplex produt struture on the real Lie algebra(
g
C
)R
. Thus we have
Corollary 1.2. For eahm > 1, the manifold underlying (SL(2m−1,C))R admits homogeneous
omplex produt strutures.
To get a more interesting and subtle result we ombine Theorem 1.1 with Theorem 3.3 of
Andrada and Salamon [1℄ where they prove, that a omplex produt struture on a real Lie
1
see Remark 3.2.
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algebra g indues a hyperomplex struture on g
C
. As sl(2m − 1,C) = (sl(2m − 1,R))C =
((su(m,m− 1))C) we get
Corollary 1.3. For eah m > 1, the manifold underlying SL(2m− 1,C) admits homogeneous
hyperomplex strutures.
Let g be a real Lie algebra with a omplex produt struture (P, J). Eah nondegenerate
symmetri bilinear form g(X, Y ) on g, satisfying the ondition (4), denes an invariant pseu-
doriemannian metri (neutral) on the manifoldG (the simply onneted group whose Lie algebra
is g), whih is ompatible
2
with (P, J). Thus the homogeneous omplex produt strutures of
Theorem 1.1 and Corollary 1.2 admit ompatible left invariant metris. On SL(2m− 1,R) the
Killng form is not of neutral signature, so it annot be ompatible with any omplex produt
struture. On the other hand we have
Theorem 1.4. For eah m > 1 the group manifolds SU(m,m−1) and (Sl(2m−1,C))R admit
omplex produt strutures, whih are ompatible with the biinvariant metri indued by the
respetive Killing forms.
The proof will also be given in Setion 3.
Let (P, J) be a left invariant omplex produt struture on a Lie group G. If Γ ⊂ G is a
disrete subgroup, and Γ ats on G by left translations, then, obviously, (P,J) desends to a
omplex produt struture on the fator G/Γ.
Further by a famous theorem of A. Borel [4℄, eah onneted semisimple Lie group G admits
uniform disrete subgroups. The Killing metri (of any signature) is Einstein (see e.g. [2℄).
Thus by Theorem 1.4 the interesting lass of examples provided by the next Corollary is not
void.
Corollary 1.5. Let (P, J) be an invariant omplex produt struture ompatible with the Killing
form on SU(m,m − 1) (respetively (Sl(2m − 1,C))R or any simple Lie group). The fators
SU(m,m− 1)/Γ by any oompat disrete subgroup Γ are ompat omplex produt manifolds
with ompatible non-at neutral Einstein metri.
We should remark that non-at ompat omplex produt manifolds (See e.g. [7℄ and refer-
enes there) have been known for some time.
The omplex produt manifolds introdued in the present paper, are treated in the ontext
of para quaternioni dierential geometry in [6℄.
2. preliminaries
The denitions and standard notation in Lie group and Lie algebra theory used in this paper
an be found e.g. in [5℄. For ompletenes we review briey the denitions and standard fats
arround the notion of omplex produt struture. For a omprehensive introdution to the
subjet we reommend [1℄.
Denition 2.1. Let M be a manifold and let TM be the tangent bundle of M. An almost
produt struture on M is a brewise linear involution, P : TM 7−→ TM (of onstant trae).
An integrable almost produt struture on M will be alled produt struture.
A omplex produt struture on M is a ouple (P, J), where P is a produt struture, J
is a omplex struture, and we have
PJ = −JP.(1)
2
See Denition 2.2.
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Reall that integrability of P , respetively J , by denition, means that
NP (X, Y )
.
= [P (X), P (Y )] + [X, Y ]− P ([P (X), Y ])− P ([X,P (Y )]) = 0;
NJ(X, Y )
.
= [J(X), J(Y )]− [X, Y ]− J([J(X), Y ])− J([X, J(Y )]) = 0,
(2)
for any hoie of vetor elds X, Y on M .
It is easy to see that if P is the produt struture in a omplex produt struture (P, J),
then the ondition (1) implies trP = 0. This means that if we deompose the tangent spae
TM at a point m ∈M , into eigenspaes
P+ = P+m
.
= {X ∈ Tm : PX = X}, P
− = P−m
.
= {X ∈ Tm : PX = −X},
then dimP+ = dimP− at eah point m ∈M .
Remark 2.1. Produt strutures P with zero trae were alled para-omplex strutures by
P. Liebermann in the early fties. They have been studied by many authors. If (P, J) is a
omplex produt struture on M and we denote Q = JP , then (Q, J) is another omplex produt
struture on M . It is known (in the general ase), that the integrability of Q is a onsequene
of (P, J) being a omplex produt struture ([7℄,[3℄ ). Obviously the situation is symmetri, we
have three antiommuting operators P,Q, J with
P 2 = Q2 = −J2 = 1,
JP = −PJ = Q, QP = −PQ = J, QJ = −JQ = P.
(3)
The Lie algebra generated by P,Q, J is isomorphi to sl(2,R) ∼= su(1, 1). The examples on-
struted in Setion 3 are suh, that the tangent spaes deompose into real four
3
dimmensional
irreduible representations of sl(2,R), all of them oiniding with the standard representation
of su(1, 1) in C2. In the literature suh omplex produt manifolds are sometimes alled hy-
perparaomplex
4
. There is a natural lass of pseudoriemannian metris on suh a manifold,
whih we proeed to dene.
Denition 2.2. We shall say that a pseudoriemannian metri g and a omplex produt stru-
ture (P, J) on a manifold M are ompatible5 if
g(J(X), J(Y )) = g(X, Y ), g(P (X), P (Y )) = −g(X, Y ),(4)
for arbitrary tangent vetors X, Y at a point of M .
An easy hek shows, that a ompatible metri has neutral signature, and that P+, P− have
to be isotropi subspaes. A study of suh metris and related onnetions an be found in [6℄.
Let G be a simply onneted real Lie group of nite dimension, and let g be the Lie algebra
of G, whih we identify with the spae of left invariant vetor elds on G, thus trivializing the
tangent bundle of G. It is obvious, that a ouple of linear operators P, J : g 7−→ g, suh that
P 2 = 1, J2 = −1, PJ = −JP,(5)
denes a omplex produt struture on G if and only if the Nijenhuis onditions (2) hold for
eah X, Y ∈ g.
All left translations with elements of the group G ating on itself are in this ase holomorphi
transformations of the manifold G (with respet to the omplex struture J), and also preserve
3
The standard real two dimmensional representation of sl(2,R) also appears in some examples of CP mani-
folds, we do not treat this ase here.
4
In algebra and the theory of arithmeti subgroups, the algebra over R generated by 1, J, P,Q with (3)
satised is known as the indenite quaternions.
5
It is also sensible to onsider metris suh that g(P (X), P (Y )) = g(X,Y ), instead of the ondition (4). We
do not treat this ase here.
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the produt struture P . We say in this ase that the omplex produt struture (P, J) is (left)
invariant or more loosely that G is a homogeneous omplex produt spae6.
It is well known that right translations on a Lie group G are also holomorphi with respet
to a left invariant omplex struture J if and only if
[J(X), Y ] = J([X, Y ]), X, Y ∈ g,(6)
in this ase G is a omplex Lie group w.r. to J . It is also known, (Proposition 2.6 in [1℄)
that only Abelian Lie algebras admit omplex produt strutures where J satises (6). So we
annot hope to fall in this ase with our simple groups.
In order to make our examlples more transparent, we shall remind here the alternative
denition of integrability. Denote
P+
.
= {X ∈ g : P (X) = X}, P−
.
= {X ∈ g : P (X) = −X}
J+ = g1,0
.
= {X ∈ gC : J(X) = iX}, J− = g0,1
.
= {X ∈ gC : J(X) = −iX}.
Integrability of (P, J) is equivalent to the ondition that P+, P− (J+, J−) are Lie subalgebras
of g (gC). Antiommutation of P, J means J(P+) = P− (see [1℄).
3. The omplex produt strutures
Proof. of Theorem 1.1
As usual, we denote by Ekj ∈ gl(n) the matrix with entry 1 at the intersetion of the j-th
row and the k-th olumn and 0 elsewhere. We shall now dene two linear operators (P, J) for
a real vetor spae g of dimension 4m2 − 4m with a base onsisting of elements
U j , V j , Sj, T j, Ukj , V
k
j , S
k
j , T
k
j ,
where the range of indies is
j = 1, . . . , m− 1, j < k < 2m− j.(7)
The operators (P, J) are dened for eah hoie of j, k by the onditions:
P 2 = 1, J2 = −1,(8)
and an expliit formula for eah j, k:
J(U j)
.
= V j ; J(Sj)
.
= T j; P (U j)
.
= T j, P (V j)
.
= Sj;(9)
J(Ukj )
.
= V kj ; J(S
k
j )
.
= T kj ; P (U
k
j )
.
= T kj ; P (V
k
j )
.
= Skj .
We introdue respetive bases over R for sl(2m− 1,R) and su(m,m− 1) as real subalgebras
of gl(2m− 1,C).
*We laim that the operators (P, J) dened by formulae (8), (9) and applied to the following
base of sl(2m− 1,R) dene a omplex produt struture:
U j
.
=Ejj + E
2m−j
2m−j − 2E
m
m ; T
j .= Ejj −E
2m−j
2m−j ;(10)
V j
.
=E2m−jj − E
j
2m−j ; S
j .= E2m−jj + E
j
2m−j ;
Ukj
.
=Ekj −E
j
k; V
k
j
.
= E2m−jk −E
k
2m−j ;
Skj
.
=E2m−jk + E
k
2m−j ; , T
k
j
.
= Ekj + E
j
k.
**We laim that the operators (P, J) dened by formulae (8), (9) and applied to the following
base of su(m,m− 1) dene a omplex produt struture:
6
Obviously the notion of homogeneous (J, P ) spae merits a wider denition, we shall not need it.
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U j
.
=i(Ejj + E
2m−j
2m−j − 2E
m
m); V
j .= i(Ejj − E
2m−j
2m−j );(11)
T j
.
=i(E2m−jj −E
j
2m−j); S
j .= E2m−jj + E
j
2m−j .
Ukj
.
=
{
Ekj − E
j
k if j < k ≤ m;
E2m−jk −E
k
2m−j if m < k < 2m− j.
V kj
.
=
{
i(Ekj + E
j
k) if j < k ≤ m;
i(E2m−jk + E
k
2m−j) if m < k < 2m− j.
Skj
.
=
{
E2m−jk + E
k
2m−j if j < k ≤ m;
−Ekj −E
j
k if m < k < 2m− j.
T kj
.
=
{
i(E2m−jk −E
k
2m−j) if j < k ≤ m;
i(Ejk −E
k
j ) if m < k < 2m− j.
(12)
The proof of laims * and ** is a straightforward hek, using the integrability onditions (2).
One has to hek only the ase j = 1, 2 ≤ k ≤ 2m− 2. Indeed, let g be either su(m,m− 1)
or sl(2m− 1,R). The operators P, J , preserve the subspae
span{U1, V 1, S1, T 1, Uk1 , V
k
1 , S
k
1 , T
k
1 : 1 < k < 2m− 1}.(13)
Thus if we remove the external two rows and olumns (13) in all matries of su(m,m −
1) (sl(2m− 1,R)), then we get the Lie subalgebras
su(m− 1, m− 2) ⊂ su(m,m− 1), (sl(2m− 3,R) ⊂ sl(2m− 1,R)).
By their denition, the operators P, J preserve these subalgebras and restriting to them we
get the indution step. 
Remark 3.1. In the last paragraph of the proof above, we have shown, that our omplex produt
strutures allow embeddings
SU(2, 1) ⊂ SU(3, 2) ⊂ · · · ⊂ SU(m,m− 1);
SL(3) ⊂ SL(5) ⊂ · · · ⊂ SL(2m− 1)
as omplex produt submanifolds. Similar indution was used by Joye [8℄ to get hyperomplex
strutures on ompat redutive groups.
Using the symmetry of (P, J) dened above, we an get some further examples
Remark 3.2. Let g be either su(m,m− 1) or sl(2m− 1,R). The operators (P, J) of the proof
of Theorem 1.1 preserve the subspae
span{Ejm, E
m
k : 1 ≤ j, k ≤ 2m− 1} ∩ g
Thus, if we remove the middle row and olumn in all matries of su(m,m−1) (resp. sl(2m−
1,R)), then we get the subalgebras
u(m− 1, m− 1) ⊂ su(m,m− 1) ( respetively gl(2(m− 1),R) ⊂ sl(2m− 1,R))
The ation of (P, J) preserves these subalgebras also, so for eah m ≥ 1 we have found a
omplex produt struture on U(m,m) ( GL(2m,R)) and embedded it as a omplex produt
submanifold in SU(m+ 1, m) (respetively SL(2m+ 1,R)).
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We shall now introdue parameters in the denition of J, P . Let g be one of the algebras
su(m,m − 1) or sl(2m − 1,R). Using the notation of the proof of Theorem 1.1 we dene an
Abelian subalgebra
z
.
= RU1 ⊕ · · · ⊕ RUm−1 ⊂ g.(14)
We have
Proposition 3.1. Let g be any of the Lie algebras su(m,m−1), sl(2m−1,R). Let Z1, . . . , Zm−1
be any base for the subalgebra z dened in (14). Let
V j, Sj, T j, Ukj , V
k
j , S
k
j , T
k
j ,
be as in the proof of Theorem 1.1. Then the operators J, P : g 7−→ g dened by
P 2 = −J2 = 1
J(Zj)
.
= V j ; J(Sj)
.
= T j; P (Zj)
.
= T j, P (V j)
.
= Sj;(15)
J(Ukj )
.
= V kj ; J(S
k
j )
.
= T kj ; P (U
k
j )
.
= T kj ; P (V
k
j )
.
= Skj .
give a omplex produt struture on g.
Proof. We have to prove integrability. Again a straightforward hek of the Nijenhuis onditions
gives the result. It helps to hek rst that
[Z, J(X)] = J([Z,X ]); [Z, P (X)] = P ([Z,X ]), Z ∈ z, X ∈ g.

Now we turn to metri properties of the above omplex produt strutures.
Proof. of Theorem 1.4
The salar produt
〈X, Y 〉
.
=
1
2
tr(XY ), X, Y ∈ su(m,m− 1),(16)
is proportional to the Killing form.
First we treat su(m,m − 1). The produt (16) is negative denite on the subalgebra z
(dened in (14)). Let Z1, . . . , Zm−1 be any orthonormal base of z with respet to 〈., .〉. We take
V j , Sj, T j, Ukj , V
k
j , S
k
j , T
k
j , as dened in formulae (11), (12). Then the base
Zj , V j, Sj, T j, Ukj , V
k
j , S
k
j , T
k
j ,(17)
is orthogonal with respet to 〈., .〉 and∥∥Zj∥∥2 = ∥∥V j∥∥2 = ∥∥Ukj ∥∥2 = ∥∥V kj ∥∥2 = −1;∥∥Sj∥∥2 = ∥∥T j∥∥2 = ∥∥Skj ∥∥2 = ∥∥T kj ∥∥2 = 1.
It is then obvious from the denition of P, J (in formula (15)), that 〈., .〉 is ompatible, thus
su(m,m− 1) is settled.
We present sl(2m − 1,C) = su(m,m − 1) ⊕ isu(m,m − 1). Then we keep the ation of
(P, J) on su(m,m− 1) as in Proposition 3.1 with respet to the base (17), and extend them to
sl(2m− 1,C) by
J(iZj)
.
= iV j ; J(iSj)
.
= iT j; P (iZj)
.
= iT j , P (iV j)
.
= iSj ;(18)
J(iUkj )
.
= iV kj ; J(iS
k
j )
.
= iT kj ; P (iU
k
j )
.
= iT kj ; P (iV
k
j )
.
= iSkj .
The salar produt 〈X, Y 〉 dened in (16) (now we apply it to X, Y ∈ sl(2m− 1,C)) is propor-
tional to the Killing form on sl(2m− 1,C). Then
K(X, Y )
.
= ℜ 〈X, Y 〉
COMPLEX PRODUCT STRUCTURES ON SOME SIMPLE LIE GROUPS 7
is proportional to the Killing form on sl(2m− 1,C)R (see e.g. [5℄, Ch. III, Lemma 6.1). Thus
the set of
Zj , V j, Sj, T j, Ukj , V
k
j , S
k
j , T
k
j ,
iZj , iV j , iSj, iT j, iUkj , iV
k
j , iS
k
j , iT
k
j .
with any indies satisfying (7), is an orthogonal base of sl(2m− 1,C)R and
K(iZ, iZ) = K(iU, iU) = K(iV, iV ) = K(S, S) = K(T, T ) = 1,
K(Z,Z) = K(U, U) = K(V, V ) = K(iS, iS) = K(iT, iT ) = −1.
Whene the extention (18) of (P, J) to sl(2m−1,C)R is ompatible with the Killing metri. 
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